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Abstract--Postprocessing boundary element method solutions to Laplace's equation in arbitrarily 
shaped domains is routinely used to find surface fluxes (first-order partial derivatives) in normal and 
tangential directions. This paper describes a method to calculate second-order partial derivatives by 
postprocessing the same solutions. These derivatives allow the calculation of the surface Laplacian at 
the centre nodes of each element on the surface of the volume conductor. In the examples considered, 
the relative error between analytically determined surface Laplacians and those calculated via the 
methods presented is 1.0% or less, with correlation coefficients very close to 1.0. (~) 1999 Elsevier 
Science Ltd. All rights reserved. 
Keywords - -Boundary  element method, Surface Laplacian, Solution postprocessing, Laplace's 
equation. 
1. INTRODUCTION 
Laplace's equation is readily solved in an arbitrarily shaped omain via the Boundary Element 
Method (BEM) [1]. This is especially advantageous when the domain consists of regions of 
piecewise homogeneous conductivities and only the surfaces of these subdomains need to be 
meshed. It is reasonably straightforward and quite common to postprocess the surface potential 
data to obtain surface fluxes (first-order partial derivatives) in both the normal and tangential 
directions. However, calculating the surface Laplacian is slightly more complicated. In this 
particular case, second-order partial derivatives are required which in turn require higher orders 
of continuity of the elements. 
In order to determine the surface Laplacian anywhere on the boundary of the computational 
domain, it is necessary for both the geometry and the solution to possess C2-continuity. That 
is, the second erivatives in the tangential direction of both the geometry and the solution must 
exist. While some commonly used boundary elements, (e.g., quadratic (see Appendix) or higher- 
order elements) possess uch derivatives within an individual element, these derivatives do not 
exist from element to element. Hence, the surface Laplacian cannot be determined at the edges 
of such elements. 
This work was funded by the Australian Research Council, the Government Employees Medical Research Fund, 
and the National Heart Foundation of Australia. 
0898-1221/99/$ - see front matter. © 1999 Elsevier Science Ltd. All rights reserved. Typeset by~AA48-TEX 
PII: S0898-1221(99)00128-5 
96 P .R .  JOHNSTON 
In the case of two dimensions, based on the ideas of Overhauser [2], a set of basis functions has 
been developed which are C2-continuous between elements [3]. This is a set of eight seventh-order 
polynomial functions of arc length which are defined across eight consecutive nodes, resulting 
in an overlapping mesh for the boundary of the computational domain. While this is not an 
unreasonable task in two dimensions, extension to three dimensions would appear quite difficult, 
if not nearly impossible. With this in mind, the original paper [3] compared the accuracy of solving 
Laplace's equation with the boundary element method using the new C2-continuous elements 
with conventional quadratic elements, in particular it compared the accuracy of calculations of 
surface Laplacians at points corresponding to the centre node of the quadratic elements, where 
second-order tangential derivatives of both the solution and the boundary exist. It was found 
that a reasonable approximation to the two-dimensional surface Laplacian could be obtained at 
the centre node of the quadratic element. 
This paper presents the details by which the surface Laplacian can be calculated in terms of 
second-order partial derivatives of the solutions of Laplace's equation in normal and tangential 
directions. All the necessary coordinate transforms are derived to facilitate the calculation of these 
quantities in three dimensions. Finally, a simple example is considered to show the accuracy of 
the technique presented where numerical examples are compared with analytical results. 
2. CALCULATING THE SURFACE LAPLACIAN 
Consider an arbitrary smooth surface, F, in three-dimensional space bounding a three- 
dimensional volume, f~, (Figure 1). At a point P on that surface, consider a local orthogo- 
nal coordinate system (~, ~3, 2) (with origin at P) where the 2 axis is normal to the surface and 
the • - ~ plane forms a tangent plane to F at P. Further, given a function u in three-dimensional 
space which satisfies Laplace's equation in fl, then the surface Laplacian at the point P is given 
by [4], 
V2U = 02U 02U 
+ 0 2" (1) 
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Figure 1. The relationship between the three coordinate systems: the global co- 
ordinate system, (x, y, z); the local orthogonal coordinate system (~, ~7, ~), and the 
element coordinate system (~, ~). 
Although it is possible to calculate the surface Laplacian analytically in simple geometrical 
situations, in arbitrarily shaped domains numerical methods are required to first solve Laplace's 
equation for the potential and then postprocess these results to determine the surface Laplacian. 
It will be assumed that Laplace's equation has been solved using BEM with the surface dis- 
cretised into Ne quadrilateral elements with Nb basis functions possessing at least quadratic 
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variation in both of the local coordinates 4 and ~. The numbering scheme for a nine node quadri- 
lateral element is given in Figure 2 and the basis functions are given in Appendix 1. As usual, 
the potential at any point on an element can be expressed as a linear combination of the basis 
functions ¢~(4, ~) with the coefficients of the combination, ui, representing the potential at the 
nodes of the element, 
Nb 
u(4, = )--" (2 )  
i----1 
q 
-3  
2 
Figure 2. Node numbering scheme for the nine node quadrilateral e ements. 
In order to create a local coordinate system at P, in terms of the element coordinate system, 
define the ~ axis to be in the direction of the increasing element coordinate, 4, the 2 axis to be 
normal to the surface at P and the ~ axis to be in the direction perpendicular to the new ~ and 
axes. 
To solve Laplace's equation and subsequently calculate the required erivatives, three coor- 
dinate systems are used and transformations between them are required. Generally, in two 
dimensions this is quite straight forward, but in three dimensions it is more difficult. The three 
coordinate systems are: the global coordinate system (x, y, z); the local coordinate system de- 
scribed above (~, ~, ~), and the element coordinate system (4, ~) (Figure 1). 
The first thing to observe is that the nodes defining the element are given in the global coor- 
dinate system and these must be transformed into the local coordinate system. Now the normal 
vector n at some point P = (40, n0) on the element is given by 
n=\o4  04'0"~ x O-~'O~?'O-~ ' (3) 
In turn, this gives the unit normal fi = n/In[, which defines the unit vector in the ~ direction of 
the local coordinate system. Each term in the right hand side of equation (3) is given (using oz 
as an example) by 
Oz ~ 0¢~(40,n0) 
0-~ = ~=1 04 z~, (4) 
where the x~ are the x coordinates of the nodes on the element. 
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The 2" direction is defined to be in the direction of increasing ~ coordinate in the element 
coordinate system. A vector in this direction is 
= 'o~' " (5) 
Hence, a unit vector, tangent o the surface at (~0, 70) in this direction is ~ = ~/Irl. Finally, the 
direction in the local coordinate system is given by fi = ix x ~. The vector fi is in fact a unit 
vector as fi and ÷ are orthogonal unit vectors and it is also tangent o the surface at the point 
(~0, 7/0). Hence, the coordinates of the node points of the element in the local coordinate system 
are 
2'~ = fiz~ + ,~=y~ + ÷3z~, (6) 
9i : taxi + C2yi "~- C3Zi, (7) 
Zi = ~lXi + ~2Yi + ~zZi, (8) 
for i = l,...,Nb. 
It is well known [5,6] that the first derivatives in the 2" and 9 directions are given by, 
0-~ =j -1  
0~ i Ui ' 
' : '  L- 4 
J = 
02" 02" 
o,7 
09 09 
-~ o,7 
where the Jacobian matrix J is given by 
Elements in the Jacobian matrix J are given, for example, by 
(9) 
(lO) 
o,7 ~ = ~ t o,7 ) + a~a9 t on + ~ t ~ / + U~ ~ + ~ -~ " 
OU 022 OU 029 
~ -~ + ~ -b-(~ ' (15) 
gives, after some manipulation, 
(09  
o~2 = ~~ \o~/  + 2o--~~ \o~ o~/+ ~ \~/  + 
02U O2u ( a~ O2 ) { 02" 00 a,g o2" ) a~u 
o o,7 = . + + o2"o9 
02u [ 09 09"~ Ou 022" Ou 029 
+ ~ \Y~) + o~ oO---~ + 09 007' (16) 
(17) 
and each derivative is evaluated at the point P. 
Second-order partial derivatives in these directions can also be calculated. The starting point 
is the observation that the potential u can be written as a function of the local coordinates, 2'
and Y, which in turn are functions of the element coordinates ~and ~: 
u = u(2'(~, 7), 9(~, 7)). (12) 
Applying the chain rule gives the partial derivatives with respect o ~ and 7: 
Ou Ou 05: Ou 09 
o~ - 02" a~ + o-~ o-~' (13) 
Ou 0u02, 0u09 
07 - 02" Or I + a-0~"  (14) 
Another application of the chain rule, as well as the product rule, to equations (13) and (14) 
a2" = ~)" -~-x~, (11) 
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It has been assumed that all functions above are sufficiently well behaved that the order of 
mixed partial differentiation is immaterial. The above three equations can be combined into a 
matrix equation, giving 
on] 
• 02U 
O( 2 
~ 02U 
o(on 
02u 
O~ u 
O~ O~ + 
& 
oo (oo)' 
o~ on/  o~ on 
oo (oo)' 
0~02 ~ O'~fl 
O~ 2 O~ 2 
02~ 029 
O~On 00,7 
02~, 02~ 
0~72 Off 
02U 
02u 
02u 
(18) 
0U [° 
Ou 
The important quantities to be obtained from equation (18) are u/~, and u/~, in order to 
calculate the surface Laplacian. First, ~ and ~ are obtained from equation (9). The remaining 
entries in the matrices are evaluated by differentiating the expressions for the potential, u, and 
the ~ and ~ coordinates, in terms of the basis functions, with respect o the element coordinates 
and evaluating at the point P. Hence, the required quantities can be obtained by solving the 
system of linear equations (18). 
3. A NUMERICAL  EXAMPLE 
Consider solving Laplace's equation in a domain bounded by two concentric spheres where 
the inner sphere has a given potential distribution and the outer sphere in insulated. Laplace's 
equation is then (in the usual spherical coordinate system), 
r 2 Or \ Or ] + - -  
with boundary conditions, 
Ou ) 1 02 u 
1 0 s in0~ + - - - -  =0,  (19) 
r 2 sin 0 O0 r 2 sin 2 0 0¢ 2 
inner surface: u = g(O, ¢), at r = R (0 < R < 1), 
OU 
outer surface: ~rr -- 0, at r -- 1, 
for some known function 9(0, ¢). For the simulations, the radius of the inner surface, R, was set 
at 0.4. 
Analytical expressions for the surface Laplacian can be obtained when a finite number of dipoles 
(both radial and tangential) are placed within the inner sphere which also gives rise to a potential 
distribution on the inner sphere. When a unit radial dipole is placed within a unit sphere of unit 
conductivity at a radius f from the origin (0 < f < 1), the resulting surface Laplacian is given 
by [7,8], 
OO 
V~V. = _1  Z n(n + 1)(2n + 1)fn-'P°(cosO). (20) 
41r 
n----1 
If the dipole is placed in a tangential manner, then the resulting surface Laplacian distribution 
on the surface is given by 
1 
V~VT = - 4--~ Z(n  + 1)(2n + 1)f"-lP~ (cos 0) cos ¢. (21) 
n=l 
In these two equations, Pn ° and Pn 1 are Legendre polynomials and the subscripts R and T simply 
refer to the radially and tangentially oriented ipoles, respectively. 
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4. RESULTS AND DISCUSSION 
As mentioned previously, the complexity of the C%continuous basis functions in two dimensions 
would tend to indicate that defining C2-continuous elements in three dimensions would not be 
a tractable problem and lead to very complicated basis functions with unrealistic onstraints on 
the surface mesh. With this in mind, a simplification proposed for the two-dimensional case [3], 
that a special arrangement of simple quadratic C°-continuous basis functions leads to calculated 
surface Laplacians which are almost as accurate as those calculated with the C2-continuous basis 
functions. The same idea will be used here to determine the surface Laplacian in three dimensions 
in the concentric spheres model. Specifically, the three-dimensional surface will be meshed using 
nine node quadrilateral elements, with basis functions having quadratic variation in the local 
coordinate system (see Appendix). The surface Laplacian is then calculated using the centre 
node of these elements, where both the solution and the geometry possess the required tangential 
derivatives. 
Analytically and numerically determined values for the surface Laplacian are compared with 
the relative error, RE, 
RE =lll" - fall 
Ilhll ' (22) 
where 1,`  is the vector of numerical surface Laplacians and la the vector of analytical values. 
Additionally, the correlation coefficient, CC, 
m 
Z [0.), - L] [0o), - L] 
CC = i=1 
Ill., - i,,lJ [[I.LI[ 
, (23) 
(where m is the number of nodes on the outer surface) is also used to compare the distributions. 
Here In and ia represent the average values of the two surface Laplacian distributions. 
For the concentric spheres model, the inner sphere was approximated by 218 nodes in a mesh 
of 216 four node quadrilaterals with linear basis functions. The outer surface was approximated 
by 866 nodes in a mesh of 216 nine node quadrilaterals with quadratic basis functions, yielding 
the surface Laplacian at 216 nodes. As mentioned above, dipoles were placed within the inner 
sphere. The first simulation consisted of three radial dipoles within the inner sphere, two oriented 
inward with (r, 9, ¢) coordinates of (0.34,20,0) and (0.34,20,240) (r is dimensionless and 8 and ¢ 
are given in degrees), respectively, and one oriented outward at the point (0.34,20,120). The 
second simulation consisted of two tangential dipoles, oriented in opposite directions ituated at 
(0.32,30,100) and (0.34,10,200), respectively. The resulting inner surface potential distributions 
are shown in Figures 3a and 4a, respectively. 
The inner surface potential distribution shown in Figure 3a gives rise to the, analytically 
calculated (from equation 20), outer surface Laplacian distribution shown in Figure 3b. This plot 
results from calculating the surface Laplacian at the centre node of each of the 216 elements. From 
potentials calculated analytically [7] at the 866 nodes of the surface mesh, the surface Laplacian 
distribution calculated using the methods described in this paper is shown in Figure 3c. As can 
be seen, these two distributions are almost identical. In fact, the relative error is approximately 
1% and the correlation coefficient differs from 1.0 by less than 0.01%. The major differences 
between these two distributions are the magnitudes of the surface Laplacian values. Calculated 
values have a marginally smaller magnitude than the analytical values. However, extrema of the 
distributions occur in exactly the same positions on the outer surface. 
For the final example, using tangential dipoles, the inner surface distribution shown in Fig- 
ure 4a, gives rise to the analytically determined (from equation (21)) outer surface Laplacian 
distribution given in Figure 4b. The analytically determined outer surface potentials result in 
the surface Laplacian distribution shown in Figure 4c and this is again almost identical to the 
distribution obtained analytically. In this case, the relative error between the two distributions is 
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Superior Inferior 
(a). Inner sphere distribution. 
Superior Inferior 
(b). Analytical surface Laplacian distribution. 
Superior Inferior 
(c). Calculated surface Laplacian distribution. 
Figure 3. 
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Superior Inferior 
(a). Inner sphere distribution. 
l 
Superior Inferior 
(b). Analytical surface Laplacian distribution. 
Superior Inferior 
(c). Calculated surface Laplacian distribution. 
Figure 4. 
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0.8% and the correlation coefficient is also very close to 1.0. Again, the major difference between 
the two distributions is in the magnitudes of the surface Laplacian, however, the positions of the 
extrema re identical. 
5. CONCLUSIONS 
This paper has presented a method by which surface Laplaciaus can be calculated as a postpro- 
cessing operation from a BEM solution for Laplace's equation. The method consists of finding the 
surface Laplacian at the centre node of an element with quadratic (°-cont inuous basis functions. 
The calculated and analytically determined surface Laplacians howed relative errors of 1% or 
less and correlation coefficients very close to unity. 
6. APPENDIX  
The set of second-order basis functions for C°-continuous elements in three dimensions i given, 
in terms of the element variables ~ and ~, as 
~I(~,~) = 1~(~ _ 1)~(~] - i), (24) 
• 2(e, ~) = ¼eCe + i)~(~ - 1), (25) 
~3(~ c, r/) = 1~c(~ c + 1)r/(r/+ 1), (26) 
1 (1 - ~2) ~(~ _ 1), (2s) • 5(~, v) = 
• 6(~, ~) = ~(~ + 1) (1 - ~) ,  (29) 
1 (1 - ~2) r/(~ + 1), (30) , I ,7(~', ,7) = 
@s(,~,~/) = 1~(~ _ 1) (1 - 'r/2), (31) 
I (1 - ~)  (1 - ,7 ~) (32) • 9(~,n) = ~ 
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